We analyze the quantum dynamics of the one-dimensional periodically kicked Rydberg atom. The timedependent Schrödinger equation is solved by employing a nonunitary representation of the period-one evolution operator in a finite basis set that accounts for the outbound probability flux. We find a direct correspondence between stable classical islands in phase space and the quantum Husimi distributions of stable Floquet states. These results explain the pronounced peak recently found experimentally in the frequency-dependent survival probability of Rydberg states subject to a sequence of half-cycle pulses. ͓S1050-2947͑99͒50606-9͔ PACS number͑s͒: 32.80. Rm, 42.50.Hz The study of time-dependent quantum systems whose classical counterparts display soft chaos ͑i.e., the coexistence of regular and chaotic dynamics͒ continues to attract considerable interest. One reason is that experimental realizations of simple Hamiltonian systems that are at the borderline between classical and quantum mechanics have only recently become available. Prototypes of such systems are the kicked rotor ͓1͔, realized by subjecting atoms in a trap to a standing wave, and the hydrogen atom subject to microwave pulses ͓2͔.
The study of time-dependent quantum systems whose classical counterparts display soft chaos ͑i.e., the coexistence of regular and chaotic dynamics͒ continues to attract considerable interest. One reason is that experimental realizations of simple Hamiltonian systems that are at the borderline between classical and quantum mechanics have only recently become available. Prototypes of such systems are the kicked rotor ͓1͔, realized by subjecting atoms in a trap to a standing wave, and the hydrogen atom subject to microwave pulses ͓2͔.
Another system that has just been realized experimentally ͓3,4͔ is the impulsively driven or kicked Rydberg atom ͓5,6͔. Theoretically, a hydrogen atom subject to a train of unidirectional kicks can display both global ͑''hard''͒ and soft chaos ͓4,5͔, depending on the the direction, the strength, and the frequency of the train of kicks. An experimental realization of the kicked atom was achieved by exposing K(np) Rydberg atoms with nϳ388 to a train of up to 50 equispaced half-cycle pulses ͓4͔. Remarkably, survival probabilities measured as a function of the pulse repetition frequency were found to be in very good agreement with classical simulations. A pronounced peak in the survival probability was observed for pulse repetition frequencies T close to the classical orbital frequency ͑i.e., T Ϫ1 ӍT orb ϭ2n 3 ) that could be traced to the existence of a broad classical stable island in phase space that traps the electron and suppresses ionization. Moreover, a simplified one-dimensional ͑1D͒ model was found whose behavior mirrored that of the threedimensional ͑3D͒ classical system. The calculation of the quantum time evolution for the 3D problem remains a considerable computational challenge, especially for long propagation times where discordance between the classical and quantum evolution is expected to develop. We therefore focus in this work on the 1D system and analyze the origin of stabilization within the framework of quantum dynamics. The 1D kicked atom is described by the Hamiltonian
with
where q and p are the position and momentum of the electron, respectively, and H at is the unperturbed atomic Hamiltonian. The train of ␦-shaped kicks is characterized by the total number of kicks K, the kick strength ⌬p, and the time period between kicks T ͑i.e., the train frequency T ϭ1/T). The wave function obeys the boundary condition (q)ϭ0 at qϭ0 and the motion is confined to the qϾ0 region. The dynamics of the kicked atom differs from that of well-studied systems such as the kicked rotor, the kicked harmonic oscillator ͓7͔, and the hydrogen atom in a microwave field in several key aspects. Each momentum transfer results in a direct coupling of any bound state with the continuum. Stated in a different way, V(t) contains all harmonics m ϭm T with equal strength,
allowing direct transitions to the continuum. This differs from microwave ionization, which proceeds primarily by diffusive ''ladder climbing'' to high Rydberg states. In addition, the time average of V(t) is finite and corresponds to the electric field given by the zeroth-order term of the Fourier decomposition in Eq. ͑3͒. For the kicked rotor and the kicked harmonic oscillator, the perturbation possesses a similar harmonic spectrum. However, for these systems, the energylevel structure associated with the unperturbed Hamiltonian is discrete, the adjacent level spacings either increasing or remaining constant with increasing energy. In contrast, in the present case, adjacent level spacings converge to a cluster point at the continuum threshold. This has important consequences for the characteristics of dynamical stabilization. For periodic systems, the time evolution is reduced to the evaluation of the period-one evolution operator U(T,0), since U(KT,0)ϭ͓U(T,0)͔ K . In our calculation, one period extends from right before the kth kick to right before the (kϩ1)th kick, i.e.,
U͑T,0͒ϭU"kT,͑kϪ1͒T…ϭe
ϪiH at T e iq⌬p . ͑5͒
In practice, since we can work only in a finite Hilbert space ͕P͖ϭ͕͉ n ͉͘nϭ1, . . . ,N͖, the objective of our calculation is to find a good approximation for the nonunitary projection of U(T,0) onto the subspace P,
where we have assumed that the basis set is orthonormal. Our basis set is constructed from nonorthogonal Sturmian states ͓8͔ that subtend a finite subspace of the continuum in discretized form and are defined by
where n S is the so-called Sturmian parameter and L is a Laguerre polynomial.
Unitary approximations for the projections of the unperturbed evolution operator exp(ϪiH at T) and the boost operator exp(iq⌬p) onto the P space cannot be applied to the present case of strong coupling to the complement Q of the full Hilbert space. These approximations lead to ''reflections'' at the boundary of P causing spurious effects in the numerical calculation of U(T,0). The exact projection should account for the finite outgoing probability flow from P into Q. In order to avoid reflections, we use two different schemes, one for each operator. First, we calculate the exact nonunitary projection of the boost operator exp(iq⌬p) whose matrix elements ͗ m S ͉exp(iq⌬p)͉ n S ͘ can be evaluated analytically as a sum of hypergeometric functions ͑an asymptotic form ͓9͔ must be used for very high quantum numbers͒. Second, the projection of the free evolution operator is evaluated using the so-called repetitive projection method ͑RPM͒ ͓10͔, which is the equivalent of a masking method in lattice-based basis expansions for atomic pseudostates. In the RPM, the wave function, which initially lives in the P space, is allowed to evolve unitarily during a time interval ⌬t into a finite subspace P ␦PʛP. After this time interval, the wave function is projected back onto the subspace P, and the probability flux of the wave packet from P to ␦P is eliminated. By repeating this procedure, reflections can be suppressed effectively. The point to be noted about our calculations is that the present nonunitary propagation scheme neglects back coupling from the Q space to the P space while suppressing artificial reflections. Therefore, we apply, in addition to the RPM, the stabilization method ͓11͔ to test the convergence of the results. Figure 1 shows the survival probability of the kicked atom after Kϭ200 impulses as a function of the frequency of the train, expressed in units of the Kepler orbital frequency of the initial state, 0 ϭ T / orb ϭ1/T 0 ϭ2n i 3 /T. The initial state was chosen as n i ϭ50, which is large enough to realize the classical limit and low enough for the quantum calculations to be numerically feasible. The scaled momentum transfer ⌬p 0 ϭn i ⌬pϭϪ0.3 was chosen so that the classical phase space for this system contains sizable stable islands. Overall, the classical and the quantum results are in good qualitative agreement. Note, however, that the quantum results are smaller than the classical ones, especially at low frequencies. This is due to the excessive loss of probability in the nonunitary quantum calculations, which increases with decreasing frequency ͑note that our calculations are not fully converged for 0 Ͻ0.8). Both calculations show a broad stabilization peak near 0 Ӎ1, where the classical-quantum discrepancy is small and for which our quantum calculations are well converged. In the following, we focus on a detailed analysis of this stabilization peak.
Comparison of classical and quantum phase-space distributions renders a detailed test of classical-quantum correspondence. Classically, the initial state of the electron is given by a microcanonical ensemble of points with H at (q,p)ϭϪ1/2n i 2 , which corresponds to a line in phase space. This line is depicted in Fig. 2͑a͒ in scaled units q 0 ϭq/n i 2 and p 0 ϭ pn i . A snapshot of the classical distribution after 200 kicks with a frequency 0 ϭ1.09 and a strength ⌬p 0 ϭϪ0.3 shows that the ensemble of points undergoes a deformation ͓Fig. 2͑c͔͒, and a fraction of the ensemble starts to become organized around classical stable islands. To generate quantum phase-space distributions, we use the Husimi distribution ͓12͔
where q, p (r)ϭ(␣) Ϫ1/4 exp͓Ϫ(qϪr) 2 /2␣͔exp(ipr). The Husimi distribution can be understood as a convolution of the Wigner phase-space distribution with a minimum uncertainty Gaussian wave packet. The Gaussian wave packet FIG. 1. Survival probability of the kicked 1D hydrogen atom as a function of scaled frequency 0 for fixed scaled momentum transfer ⌬p 0 ϭϪ0.3 after Kϭ200 kicks. The initial quantum level of the atom is n i ϭ50 and the quantum calculations have been performed using a Sturmian parameter n S ϭ60 and a basis size Nϭ800.
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PRA 59 S. YOSHIDA et al. contains the ''squeezing'' parameter ␣, which can be adjusted to improve the resolution in either q or p. We set ␣ ϭn i 3 so as to render the width of the Gaussian wave packet invariant under classical scaling. The effect of the Gaussian averaging is to remove the short-wavelength oscillatory structure of the wave function. Figures 2͑b͒ and 2͑d͒ display Husimi distributions for the initial state with n i ϭ50 and for the evolved state after 200 kicks, respectively. Remarkably, the Husimi distributions closely resemble the classical distributions, except for the finite width due to the quantum uncertainty, which is given by ⌬q 0 ⌬ p 0 ϭ⌬q⌬ p/n i Ϸ1/n i .
If quantum stabilization takes place, it originates from the localization of a few Floquet states ͉ n F ͘ of the system ͓13͔, which are defined through the eigenvalue equation
with a quasieigenenergy E n ϭE n R ϪiE n I . After K kicks, the propagated wave function becomes
where c n are the expansion coefficients of ͉(0)͘ in the Floquet basis set. The key point for the stability analysis is that due to the nonunitarity of the evolution operator, the quasieigenenergies of U(T,0) are complex. The imaginary part E n I у0 corresponds to a decay probability within the P space. Therefore, in the limit K→ϱ the expansion coefficients, c n e
ϪiE n R KT , of the wave function vanish unless
where P s is the subset of P defined by P s ϭ͕͉ n F ͉͘E n I ϭ0͖. Thus, stabilization within the P space is one-to-one associated with the subspace P s .
It is important to note that Eq. ͑11͒ is only necessary but not sufficient to identify stabilization and ionization. Within any N-dimensional representation of the P space, quantum trajectories that perform excursions into the Q space, and return at a later time into the P space, are eliminated from the quantum phase flow due to the nonunitary boost and the RPM. In other words, any Floquet state with E n I Ͼ0 has not converged as a function of basis size. This nonconvergence within P is either due to phase-space flux associated with proper ionization; i.e., it is of physical origin, or due to the fact that stabilized motion with quantum trajectories wandering intermittently into the Q space cannot be properly represented, causing an underestimation of the survival probability as seen in Fig. 1 . Likewise, Floquet states of the subspace P s with E n I ϭ0 are not necessarily converged. If the suppression of reflections is not complete and outbound probability flux is partially returned back into the ''inner region,'' this could provide an artificial contribution to the set P s . In order to assure that the decomposition of Eq. ͑10͒ into proper ion-FIG. 2. Time evolution of the classical and quantum scaled phase-space distributions of a hydrogen atom initially in n i ϭ50 and following application of 200 kicks with a scaled momentum transfer ⌬p 0 ϭϪ0.3 and a scaled repetition frequency 0 ϭ1.09. ͑a͒ Classical distribution at tϭ0. ͑b͒ Contour plot of the quantum Husimi distribution at tϭ0. ͑c͒ Ensemble of 50 000 points representing the classical distribution after 200 kicks. ͑d͒ Contour plot of the quantum distribution after 200 kicks. The parameters of the quantum calculation are n S ϭ60 and Nϭ800 and the contours were obtained using a linear scale.
FIG. 3.
͑a͒ Scaled Poincaré surface of section for a hydrogen atom with n i ϭ50 subject to a train of kicks with the same parameters as in Fig. 2 . The thick dashed line indicates the unperturbed torus associated with the initial state. ͑b͒ and ͑c͒ Quantum Husimi distributions of ͑b͒ the Floquet state that has the largest overlap with the initial state and is the dominant source of stabilization, and ͑c͒ a slightly unstable Floquet state. The contours of the quantum calculations were obtained using a linear scale.
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ization and stabilization is real, we apply the stabilization method ͓11͔. We ''deform'' the P space by varying the Sturmian parameter n S and the basis size N, and check whether the decomposition of Eq. ͑10͒ remains invariant. Those states that remain stable under these variations can be considered converged with a high level of confidence.
If classical-quantum correspondence exists, the Husimi distributions of the dominant Floquet states leading to stabilization should be localized in phase space around the dominant classical stable islands in Poincaré surfaces of section. For time-dependent systems of one degree of freedom, the Poincaré surface of section corresponds to stroboscopic snapshots of the (q, p) coordinates before each kick. In Fig.  3͑a͒ the Poincaré surface of section, together with the initial classical torus with scaled energy E 0 ϭϪ1/2, is displayed featuring several pronounced stable islands. In Fig. 3͑b͒ we present the Husimi distribution of the Floquet state with E n I ϭ0, which has the largest overlap with the initial state ͓i.e., ͉c 1 ͉ 2 ϭ0.189 in Eq. ͑11͔͒. Remarkably, the Husimi distribution closely mimics the largest stable island seen in Fig. 3͑a͒ , which overlaps the initial torus. Ordered by the amount of overlap with the initial state, the next two stable Floquet states have expansion coefficients ͉c 2 ͉ 2 ϭ0.087 and ͉c 3 ͉ 2 ϭ0.062 and their Husimi distributions resemble those shown in Fig. 3͑b͒ . Thus, at least 34% of the atoms are stabilized. The resolution of classical structures in quantum phase space requires large quantum numbers and small uncertainty ͑i.e., that the size of the classical islands be bigger than ប). In the present case ⌬ p 0 ⌬q 0 Ӎ1/n i , which corresponds to an area much smaller than the dominant classical island ͓see Fig. 3͑a͔͒ . All other sizable islands in Fig. 3͑a͒ can be seen in Husimi distributions when other Floquet states with E n I ϭ0
are plotted, without regard of the amount of overlap with the initial state. Figure 3͑c͒ represents the quantum realization of the smaller period-five island chain that overlaps the initial torus. In this case, however, the quantum Floquet state is slightly unstable (E I Tϭ1.2ϫ10 Ϫ3 ) because the classical stable island is not large enough to contain a quantum state.
The expansion of stable Floquet states in terms of the energy eigenstates of the unperturbed Hamiltonian reveals another remarkable feature: these Floquet states are completely decoupled from the ͑discretized͒ continuum. This is particularly remarkable in view of the fact that direct ''multiphoton'' transitions to the continuum through high harmonics are present with the same strength as the fundamental frequency. Evidently, the system has become sufficiently classical that the Kolmogorov-Arnol'd-Moser ͑KAM͒ tori provide a sufficiently strong trap of phase-space flow, and ''tunneling'' through KAM barriers is inhibited. This quantum realization of classically stable islands is at the origin of the good classical-quantum correspondence for the stabilization peak near 0 Ӎ1. The apparent breakdown at other frequencies ͑Fig. 1͒ occurs in regions that are largely dominated by classical chaotic dynamics. Here, convergent results are more difficult to achieve or to identify. Further investigations are needed to delineate to what extent this discordance between classical and quantum results reflects real quantum effects. One particularly interesting aspect to be analyzed in the future is the occurrence of Anderson localization, well known for the kicked rotor and the hydrogen atom in a microwave field. Work along these lines is in progress.
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